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Background
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Population is an important concept in epidemiology and statistics, e.g. ‘P’ in PICO 

(population, intervention, comparison and outcome) statements.

Often assume sample is representative of the population of interest (not always true).

Population adjustment might be required.

Regression-based approaches.

Weighting-based approaches. (e.g. survey weighting, propensity score weighting, 

inverse probability weighting, inverse probability of censoring weighting…)

Loss of information.

The effective sample size (ESS) has been proposed as a descriptive statistic, to 

accompany the weighted approaches. It is an indication of number of subjects contributing 

to the analysis after use weighting to perform population adjustment.

The example in this talk based on the matching-adjusted indirect comparison (MAIC), but 

theory is applicable to any other weighting approaches for population adjustment .
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Existing approach: The conventional ESS formula (1)
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Effective sample size (ESS) is the sample size required in an unweighted sample that produces the 

same level of precision as the weighted sample.

Assume independent and homoscedastic outcome data 𝑣𝑎𝑟(𝑦𝑖)= 𝜎2 for  i=1,…n.

Variance of an unweighted sample mean: 𝑣𝑎𝑟 𝑦𝑢 = 𝑣𝑎𝑟
σ 𝑦𝑖

𝑛
=

𝜎2

𝑛
(1)

Variance of a weighted sample mean: 𝑣𝑎𝑟 𝑦𝑤 = 𝑣𝑎𝑟(
σ𝑤𝑖𝑦𝑖
σ𝑤𝑖

) = (
1

σ 𝑤𝑖
)2σ𝑤𝑖

2𝜎2 = 𝜎2
σ𝑤𝑖

2

(σ 𝑤𝑖)
2 (2) 

The standard ESS formula mentioned in NICE TECH DSU 18: By equating the variances of 

unweighted sample mean and weighted sample mean

𝑣𝑎𝑟 𝑦𝑢 = 𝑣𝑎𝑟 𝑦𝑤

we solve required sample size n 

𝑛 = 𝐸𝑆𝑆 =
(σ 𝑤𝑖)

2

σ𝑤𝑖
2



Why always lose information (precision) after weighting?

Existing approach: The conventional ESS formula (2)
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Under the assumption of independent and homoscedastic outcome data 𝑣𝑎𝑟(𝑦𝑖)= 𝜎2 for  i=1,…n.

Variance of an unweighted sample mean: 𝑣𝑎𝑟 𝑦𝑢 = 𝑣𝑎𝑟
σ 𝑦𝑖

𝑛
=

𝜎2

𝑛
(1)

Variance of a weighted sample mean: 𝑣𝑎𝑟 𝑦𝑤 = 𝑣𝑎𝑟(
σ𝑤𝑖𝑦𝑖
σ𝑤𝑖

) = (
1

σ 𝑤𝑖
)2σ𝑤𝑖

2𝜎2 = 𝜎2
σ𝑤𝑖

2

(σ 𝑤𝑖)
2 (2) 

By Cauchy-Schwarz inequality for any 𝑤1, … , 𝑤𝑛 and 𝑏1, … , 𝑏𝑛

𝑤1𝑏1 +⋯+ 𝑤𝑛𝑏𝑛 ≤ 𝑤1
2 +⋯+𝑤𝑛

2 𝑏1
2 +⋯+ 𝑏𝑛

2

Let 𝑏𝑖 = 1 for all 𝑏 and plug into Cauchy-Schwarz inequality

𝑤1 +⋯+ 𝑤𝑛 ≤ 𝑤1
2 +⋯+𝑤𝑛

2 𝑛

(𝑤1+⋯+ 𝑤𝑛)
2 ≤ (𝑤1

2+⋯+𝑤𝑛
2)𝑛

1

𝑛
≤

(𝑤1
2+⋯+𝑤𝑛

2)

(𝑤1+⋯+ 𝑤𝑛)
2

𝜎2

𝑛
≤ 𝜎2

σ 𝑤𝑖
2

(σ 𝑤𝑖)
2 𝑣𝑎𝑟 𝑦𝑢 ≤ 𝑣𝑎𝑟 𝑦𝑤 and ESS ≤ 𝑛



First new method: comparing the variances of adjusted and 

unadjusted estimates (1)
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Express variance of weighted sample mean 𝑣𝑎𝑟 𝑦𝑤 in terms of ESS

Comparing the variances of weighted sample and unweighted sample

𝑣𝑎𝑟 𝑦𝑤 = 𝑣𝑎𝑟(
σ𝑤𝑖 𝑦𝑖
σ𝑤𝑖

) = (
1

σ𝑤𝑖
)2෍𝑤𝑖

2𝜎2 =
𝜎2

𝐸𝑆𝑆

𝑣𝑎𝑟 𝑦𝑢

𝑣𝑎𝑟 𝑦𝑤
=

𝜎2

𝑛
𝜎2

𝐸𝑆𝑆

=
𝐸𝑆𝑆

𝑛

An equivalent definition of the conventional ESS formula

𝐸𝑆𝑆 =
𝑛 × 𝑣𝑎𝑟 𝑦𝑢
𝑣𝑎𝑟 𝑦𝑤
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We propose generalising equation by replacing 

𝑦𝑢 with መ𝜃𝑢 : the unweighted (i.e. the unadjusted) estimate of the estimand of interest;

𝑦𝑤 with መ𝜃𝑤 : the weighted (i.e. the population adjusted) estimate of the estimand of 

interest,

More generally, the ESS formula becomes

𝐸𝑆𝑆 =
𝑛 × 𝑣𝑎𝑟 መ𝜃𝑢

𝑣𝑎𝑟 መ𝜃𝑤
(3)

Suitable for any type of outcome data, estimand, and statistical model.

First new method: comparing the variances of adjusted and 

unadjusted estimates (2)



Second new method: re-sampling with reduced sample size
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Calculate the variance of estimate of the weighted sample 𝑣𝑎𝑟 ෠𝜃𝑤 (assume greater than 𝑣𝑎𝑟 ෠𝜃𝑢 ).

Use bootstrapping (resampling) to calculate the variance of unweighted sample with reduced 

observations. 

Step 1. Resample the dataset for multiple times (e.g. 500)

Step 2. We reduce 5k (for k=1) observations from each arm of each resampled dataset. Perform 

population adjustment and calculate the estimate.

Step 3. Calculate the variance of estimate in reduced sample by taking the variance of the estimates 

from all resampled datasets.

Step 4. Repeat step 1 to 3 for (k=2,3,…) until we get a variance 𝑣𝑎𝑟𝑘=𝑚 ෠𝜃𝑢 greater than 𝑣𝑎𝑟 ෠𝜃𝑤 the 

variance of estimate of the weighted sample.

𝑣𝑎𝑟𝑘=𝑚−1
෠𝜃𝑢 ≤ 𝑣𝑎𝑟 ෠𝜃𝑤 ≤ 𝑣𝑎𝑟𝑘=𝑚 ෠𝜃𝑢 ; 5(𝑚 − 1) ≤ 𝐸𝑆𝑆 ≤ 5𝑚

Use linear interpolation to calculate the exact sample size which produce the variance of weighted 

sample.

In the (unlikely) event that variance of unweighted sample greater than variance of weighted sample: use 

similar approach but sequentially increase the size of the unweighted resampled datasets in the re-

sampling procedure.



Third new method: Scaling the unweighted variance formula with 

reduced sample size
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For outcomes with a closed form of variance that depends upon sample counts or rates.

Calculate the variance of weighted sample.

Use formula and ratio p (percentage of remaining observations) to calculate the 

variance of unweighted sample with reduced observations. 

E.g. for binary outcomes, the variance of log OR:

𝑣𝑎𝑟[log(𝑂𝑅)]=
1

σ 𝑦𝐴
+

1

𝑛𝐴−σ 𝑦𝐴
+

1

σ 𝑦𝐵
+

1

𝑛𝐵−σ 𝑦𝐵

Applying the ratio p to the counts: 

𝑣𝑎𝑟[log(𝑂𝑅)]=
1

𝑝(σ 𝑦𝐴)
+

1

𝑝(𝑛𝐴−σ 𝑦𝐴)
+

1

𝑝(σ 𝑦𝐵)
+

1

𝑝(𝑛𝐵−σ 𝑦𝐵)

Use ‘uniroot’ in R to search value of 𝑝 which we have 𝑣𝑎𝑟[log(𝑂𝑅)]= 𝑣𝑎𝑟 መ𝜃𝑤

Calculate the corresponding sample size by 𝐸𝑆𝑆 = 𝑛𝑝

Another example: variance of the estimated log hazard ratio from a Cox proportional 

hazards model can be approximated by 4 / Total number of events.



A numerical 

example
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A numerical example
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Example from NICE DSU Technical Support Document 18: Methods for population-

adjusted indirect comparisons in submissions to NICE (Phillippo et al. 2016).

Binary outcome is simulated using the model

logit(𝑝𝑖𝑡) = 0.85 + 0.12𝑚𝑎𝑙𝑒𝑖𝑡 + 0.05 𝑎𝑔𝑒𝑖𝑡 − 40 + (𝛽𝑡−0.08 𝑎𝑔𝑒𝑖𝑡 − 40 )𝐼(𝑡 ≠ 𝐴)

where 𝛽𝐵 = −2.1, 𝛽C = −2.5.

Treating the outcome as an adverse event.

Variable Variable type Company’s trial

N=500

Independent patient data

Competitor trial

N=300

Summary level data

Age Effect modifier Range: (45-75), Mean: 60, 

sd:9.0

Range: (45-55), Mean: 50; sd: 

3.2

Sex Prognostic variable 64% Female 80% Female

Treatment Covariate B vs A C vs A



A numerical example
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(1) Application of the existing approach

Computed the 500 MAIC weights 𝑤𝑖 for each patient in the company's trial

Calculate the ESS use the formula: 𝐄𝐒𝐒 =
(σ 𝒘𝒊)

𝟐

σ 𝒘𝒊
𝟐 = 185.6451

(2) Application of approach 2: comparing the variances of estimates

After preforming the MAIC, we can calculate the adjusted estimated log odds ratio መ𝜃𝑤=-3.2151 by 

using a weighted logistic regression of binary outcome data on treatment group with IPD from 

company’s trial. Also calculate the sandwich standard error and its variance 𝑣𝑎𝑟 መ𝜃𝑤 = 0.1628

The unadjusted estimated log odds ratio መ𝜃𝑢=-3.5717 and its variance 𝑣𝑎𝑟( መ𝜃𝑢)= 0.0653 is similarly 

obtained using an unweighted logistic regression. 

Having computed 𝑣𝑎𝑟( መ𝜃𝑢) and 𝑣𝑎𝑟 መ𝜃𝑤 , and n=500 for company’s trial, calculate the ESS by 

comparing the variances: 𝐄𝐒𝐒 =
𝐧×𝐯𝐚𝐫 𝒚𝒖

𝐯𝐚𝐫 𝒚𝒘
= 200.5176



A numerical example
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(3) Application of approach 3: resampling with reduced sample size

Unadjusted analysis gave 𝑣𝑎𝑟( መ𝜃𝑢)= 0.0653

In adjusted analysis, the robust standard error resulted 𝑣𝑎𝑟 መ𝜃𝑤 = 0.1628 loss of precision!

Sequentially reduce the sample size until an unweighted analysis result in less precision (larger 

variance) than the weighted analysis

There are 500 patients in company’s trial with 1:1 randomisation

Create multiple resamples of company’s IPD, for each resampled dataset, remove the first five 

observations from both treatment groups and calculate the estimate. The variance is obtained by 

taking the variance of estimates from all resampled datasets with reduced sample size.

Repeat last step with more observations being removed until we obtained a variance larger than 

the variance of estimates in the weighted sample.



A numerical example
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Tabulate the variances:

𝑣𝑎𝑟 መ𝜃𝑤 = 0.1628 which is between 0.1572 (with sample size 240) and 0.1652 (with sample size 

230).

Linear interpolation is used to calculate the required sample size of the unweighted sample, which 

produces a variance of 𝑣𝑎𝑟 መ𝜃𝑤 = 0.1628 as 𝑬𝑺𝑺 = 𝟐𝟑𝟑. 𝟎𝟎𝟓.

If re-estimate the variance of weighted sample using bootstrapping 𝑣𝑎𝑟 መ𝜃𝑤 = 0.1819, then this 

produces the 𝑬𝑺𝑺 = 𝟐𝟎𝟐. 𝟒𝟖𝟗.

Sample 

size 

Variance

500

0.0769

490

0.0709

480

0.0812

470

0.0828

460

0.0842

450

0.0850

440

0.0864

430

0.0897

420

0.0910

410

0.0899

Sample 

size

Variance

400

0.0916

390

0.0950

380

0.0982

370

0.1010

360

0.1021

350

0.1010

340

0.1031

330

0.1065

320

0.1078

310

0.1115

Sample 

size

Variance

300

0.1188

290

0.1230

280

0.1259

270

0.1311

260

0.1410

250

0.1476

240

0.1572

230

0.1652

(> 0.1628)



An numerical example
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(4) Application of approach 4: Scaling method with reduced sample size.

A closed formula for the variance of estimated log OR exists for the binary outcomes in this 

numerical example

the variance of log OR:

𝑣𝑎𝑟[log(𝑂𝑅)]=
1

σ 𝑦𝐴
+

1

𝑛𝐴−σ 𝑦𝐴
+

1

σ 𝑦𝐵
+

1

𝑛𝐵−σ 𝑦𝐵

Applying the ratio p:

𝑣𝑎𝑟[log(𝑂𝑅)]=
1

𝑝(σ 𝑦𝐴)
+

1

𝑝(𝑛𝐴−σ 𝑦𝐴)
+

1

𝑝(σ 𝑦𝐵)
+

1

𝑝(𝑛𝐵− σ 𝑦𝐵)

Use the ‘uniroot’ function in R, to solve for the value of 𝑝 that results in a variance of 

𝑣𝑎𝑟[log(𝑂𝑅)]=𝑣𝑎𝑟 መ𝜃𝑤 = 0.1628

This process provides 𝑝 = 0.401, which is the proportion of observations remaining in a hypothetical 

unweighted sample that produces the same variance as a weighted analysis.

Finally, the ESS is calculated as  𝑬𝑺𝑺 = 𝒏𝒑 = 𝟐𝟎𝟎. 𝟓𝟏𝟕𝟖



Compare the results

A numerical example
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Approach Approach 1 

Conventional 

ESS formula

Approach 2

Comparing the 

variance

Approach 3

Re-sampling

Approach 4

Scaling

ESS 185.6451 200.5176 202.4886 200.5178
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Summary
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It is challenging to evaluate the accuracy of each method because they do not estimate a population 

parameter.

In the numerical example, all methods produced similar ESS values, which suggests that all methods are 

feasible.

The conventional ESS formula may produce misleading results when the homoscedastic assumption on the 

outcome is violated. 

The ‘comparing the variances of estimates’ may produce different values of ESS for the same dataset, 

because different models and outcomes will provide different values of variances. Same set of weights may 

have dissimilar consequences for estimation precision in different statistical analyses of the same data.

The ‘re-sampling method’ may be sensitive to the random seed used. The number of observations being 

removed at each step is arbitrary, which introduces further sensitivity to choices made by the analyst. 

The ‘scaling method’ can only be used when a closed formula of variance exists.

The three new methods can be generalized to regression-based population-adjustment methods because 

the methods do not dependent on weights.
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