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Average treatment 
effect

n i.i.d. participants with 𝑂 =
𝑊, 𝐴, 𝑌 ~𝑃

• W is a vector of baseline 
covariates 
(𝑊1, 𝑊2, 𝑊3, … , 𝑊𝑝)

• A is indicator for new 
treatment assignment 

• Y represents the primary 
endpoint continuous variable

New treatment

Existing treatment

ATE:  Ψ = Ψ1 − Ψ0,

where Ψ𝑎 = 𝐸 𝑌 𝑎

0 < 𝑃 𝐴 = 𝑎 = 𝜋𝑎 < 1



Existing 
solutions
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Prognostic score 
adjustment for 
continuous
endpoint



Prognostic score 
adjustment for 
continuous
endpoint

• Determine a prognostic score estimated from historical data   

ො𝜌 𝑊 = ෠𝐸 𝑌 | 𝑊, 𝐴 = 0, 𝐷 = 0

• Use ANCOVA model adjusting for ො𝜌 𝑊 on the new trial data

𝑌 = 𝐴𝑇𝐸 ⋅ 𝐴 + 𝛽 ⋅ 𝑊 + 𝛼 ⋅ ො𝜌 𝑊 + 𝑒𝑟𝑟𝑜𝑟

• The higher correlation with the outcome the higher power 

increase

Y

A=0        A=1 W ො𝜌(𝑊)

Power 



What to do if Y is non-continuous?



Marginal effects

n i.i.d. participants with 𝑂 =
𝑊, 𝐴, 𝑌 ~𝑃

• W is a vector of baseline 
covariates (𝑊1, 𝑊2, 𝑊3, … , 𝑊𝑝)

• A is indicator for new treatment 
assignment 

• Y represents the primary 
endpoint variable (continuous, 
binary, or ordinal)

Marginal effects Ψ = 𝑟 Ψ1, Ψ0 ,

where Ψ𝑎 = 𝐸 𝑌 𝑎

New treatment

Existing treatment
0 < 𝑃 𝐴 = 𝑎 = 𝜋𝑎 < 1



Estimating marginal 
effects
Rosenblum and van der Laan (2010) proposed a GLM based plug-in estimator: 

1. Use MLE to estimate the conditional mean as

            ො𝜇 𝑎, 𝑤 = ෠𝐸 𝑌 | 𝑊 = 𝑤, 𝐴 = 𝑎 = 𝑔−1 መ𝛽0 + 𝑥 መ𝛽𝑥  

where 𝑔 is the link function and 𝑥 is a row in the design matrix 

2. Estimate the population mean outcome for each treatment

෡Ψ𝑎 =
1

𝑛
෍

𝑖=1…𝑛

ො𝜇 𝑎, 𝑤𝑖

3. Plug-in to get the estimator on the right scale 

෡Ψ = 𝑟 ෡Ψ1, ෡Ψ0

4. Using delta-method to determine the IF and estimate the asymptotic variance as 

ො𝑣∞
2 =

1

𝑛
෍

𝑖=1….𝑛

(𝑟0
′ ෡Ψ1, ෡Ψ0 ⋅ ෠𝜙0 𝐴𝑖 , 𝑊𝑖 , 𝑌𝑖 + 𝑟1

′ ෡Ψ1, ෡Ψ0 ⋅ ෠𝜙1 𝐴𝑖 , 𝑊𝑖 , 𝑌𝑖 )2,

where ෠𝜙𝑎 𝐴𝑖 , 𝑊𝑖 , 𝑌𝑖 =
1𝑎 𝐴𝑖

𝜋𝑎
𝑌 − ො𝜇 𝑎, 𝑊𝑖 + ො𝜇 𝑎, 𝑊𝑖 − ෡Ψ𝑎 . 

Theorem 1 (Rosenblum & van der Laan):
The plug-in based estimator of the 
marginal effect is RAL → remain 
consistent and asymptotically normal, 
regardless of the type of 
misspecification. 

The estimator is locally efficient 
assuming only an RCT setting.

*Regular and asymptotically linear (RAL)

Use GLM plug-in model 
adjusting for g( ො𝜌 𝑊 )



How the method works
Step 1

• Curate historical data from 
different sources

• Train a prognostic model ො𝜌

Step 2

• Evaluate the performance 
of the prognostic model

• Estimate population 
parameters for power 
estimation on an 
independent test data set 

Step 3

• Predict the prognostic 
scores for each of the 
participants in the new trial

Step 4

• Use GLM plug-in model adjusting for

g( ො𝜌 𝑊 ).

• Type I error control → only affects 
precision, not bias

*Regular and asymptotically linear (RAL)

Patient 
Number 

𝑾𝟏 𝑾𝟐 𝑾𝟑 ... 𝑾𝒑 A Y

1 M 48 175 55 1 34

2 M 34 179 64 0 42

3 K 18 189 87 1 67

4 M 22 165 35 0 21

....

Patient 
Number 

𝑾𝟏 𝑾𝟐 𝑾𝟑 ... 𝑾𝒑 A Y ෝ𝝆

1 M 48 175 55 1 34 ො𝜌(𝑤1)

2 M 34 179 64 0 42 ො𝜌(𝑤2)

3 K 18 189 87 1 67 ො𝜌(𝑤3)

4 M 22 165 35 0 21 ො𝜌(𝑤4)

....

Theorem 1

Assume that the treatment effect is additive on the link-scale, i.e. 

𝑔 𝜇 1, 𝑊 = 𝜁 + 𝑔 𝜇 0, 𝑊 ,

and that W and Y have compact support .

Let 𝑓෤𝑛 be a uniformly bounded random function learned from historical 
data obtained from ෤𝑛 participants independent from the current trial 
data. Assume that 

f ෤𝑛 𝑊 − 𝜇0 𝑊  ՜
𝐿2

0,

for ෤𝑛 ՜ ∞ with 𝜇0 𝑤 = 𝐸[𝑌(0)|𝑤] bounded.

Then if 𝑛 =  𝓞 ෤𝑛 , the estimator obtained from the plug-in GLM 
procedure that uses 𝑔(𝑓෤𝑛(𝑊)) as an additional covariate is consistent 
and efficient in the sense that it has the lowest possible asymptotic 
variance among all RAL estimators with access to W. 



Prospective 
power 
estimation

Conservative estimation of asymptotic variance based on few estimable 
population parameters even when model is misspecified

𝑣∞
↑2 = 𝑟0′2𝜎0

2 + 𝑟1′2𝜎1
2 + 𝜋0𝜋1(|𝑟0′|

𝜅0

𝜋0
+ |𝑟1′|

𝜅1

𝜋1
 )2

• The marginal variance of the potential outcome 𝜎𝑎
2 = 𝑉𝑎𝑟(𝑌(𝑎))

• The expected mean-squared error of best GLM fit 𝜅𝑎
2 = 𝐸ൣ

൯

(𝑌 𝑎 −

𝜇∗ 𝑎, 𝑊
2

] 



Simulation study



Power and coverage in heterogeneous 
treatment effect scenario  

* n is the sample size of the current RCT data, with the historical data amount being ñ=10*n

Robustness property



Practical experience 

• Difficult to combine historical data into a curated data set 

• Strong predictors → the gain in precision might not be as big

Compromises

• Lack of power if prognostic score has a lower effect than assumed

• However, not lower than the power for the analysis without 

prognostic score with reduced number of participants

• Secondary endpoints

• Subgroup analyses



Questions? 
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