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Abstract

Statistical tolerance intervals are widely used as an acceptance criterion in various applications. For example, for needle-based
injection systems ISO 11608-1 specifies that a given proportion of the underlying base population must fall within specification
limits at a certain confidence level. Accordingly, ISO 16269-6 describes procedures for the estimation and use of tolerance inter-
vals. However, in practice the distributions of many features are subject to truncation due to some known physical or technical
limits. When measuring metrical features the truncation threshold may become close to the observed values in testing. In such
cases the resulting tolerance limits are prone to be imprecise or even mathematically be outside of the truncation limits . We
submit that tolerance intervals may still be applied if the truncation of the underlying distribution can be appropriately modeled
and accounted for. In this document we describe an approach for adequately handling tolerance intervals in the presence of
truncation.

Introduction

In statistics, a truncated distribution is a conditional distribution that results from restricting the domain of some
other probability distribution. Truncated distributions arise in practical statistics in cases, where for some reason,
the range of values is limited to values which lie above or below a given threshold or within a specified range.
Truncated distributions are not to be confused with censored distributions (see figure 1)

Truncation Censoring
Values below threshold cannot exist Values below threshold cannot be observed
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Figure 1: Truncated Density vs. Censored Density

Statistical tolerance intervals I = [T, T;| are defined to cover at least a probability content pc of a given
random variable X with a confidence level of 1 — a.. The according mathematical expression is

Pp(PX<TL§X§TU‘p)ZpC)Zl—Cv,

where p € R" is the parameter vector of the distribution of X.

Technical Description

In testing of needle-based injection systems several device-related features are evaluated, which are subject to
truncation. For example the expelled volume of a pen device is always non-negative. Thus, the dose accuracy
distribution is left-truncated at threshold & = 0. In practice the truncation of features often can be neglected
as actually considered values are sufficiently far away from the according truncation threshold, such that the
influence on derived statistics is not significant. However in some cases a significance may arise.

ISO 11608-1 defines that in verification testing a sta-
tistical tolerance interval I shall be calculated accord-
ing to [2] and compared to the specification range .S,
where truncation due to physical limits may be treated
as one limit of the specification range. The acceptance
criterion is that I C S has to be fulfilled. A plot of the
density of the normal distribution with Ty, 177, L, and
U is diagrammatically shown in figure 2. In that case

f(x, p)
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we have Ty < U = [ C 5. Thus the acceptance s LTBL(1 - ) UTBL(1 -0, pc.7) Ut

X

criterion Is met.

In certain cases it may occur that one tolerance band
limit may exceed the according physical limit, though it
is known that the physical limit can never be exceeded.
In that case that violation is to be rated as being practically not existent. However, there may be an impact on
the other side of the tolerance band limit and should be treated adequately.

Figure 2: Plot of the density of a given distribution with up-
per/lower tolerance band limit (7y;,7}) and upper/lower spec-

ification limit (U, L)

Approach

The case of a left-truncation is considered, see figure 3. l.e., it exists a £ € R such that a probability content
of F'(&,p), the proportion left to the truncation, does practically not exist.

The upper tolerance band limit indicates that a certain
probability content lies within the according tolerance
interval. In case the proportion F'(&;, p) of practically
not relevant content is significant, the upper tolerance
band limit may need some transformation to reflect
that truncation.

The required probability content pc may need to
be transformed (pc = T7(pc)), as diagrammatically
shown in figure 3.

In the first step we calculate the actual probability con-
tent which is covered by the tolerance interval, i.e. cor-
rected by subtraction of the according proportion due
to the truncation

f(x, p)
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Figure 3: Plot of the density of a given distribution with left
truncation at £. The upper tolerance band limit (77) is trans-
formed according to transformed probability content pc and up-
per specification limit (U)

pc— F(&,p)
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In the second step the difference between the required and the actual probability content has to be added to the
required probability content to derive the transformed probability content.

~ o B o _pC— F(ﬁlap) . o 1 F(£l7p>
pe = T1lpe) = pect (pe = peact) =2p¢ = F(&.p) (2 L - F(fzm)) PTG )

Thus, a transformation has been derived, such that a tolerance interval of the truncated distribution (random
variable X¢) can be calculated by evaluating the underlying distribution without truncation (random variable X):

Py(Px(§< Xy <Ty|p)2pc)=1—a & P (Px(X <Ty|p >pc)=1-a.

Derivation of the formula for right truncation is a simple term conversion and directly analogous to the case of
left truncation.

Example

A force feature of a pen device is tested and the values are known to be normally distributed. Due to physical

reasons, it is known that no negative forces can occur. l.e., there is a left truncation at £ = 0 N. Specification
limits are defined as L = 0N and U = 10 N.

Table 1: Descriptive statistics and paramters for tolerance band calculation (Standard vs. Truncated Approach)

AN

no X S pc  pc k k TUinNT(\]inNUinN
60 3.225N 1.622N 0.975 0.976 2.670 2.396 7.6 7.1 10

The acceptance criterion for the test is that at least a probability content pc = 97.5% of the values lies within
the specification limits at a confidence level of 1 —a = 95 %. Descriptive statistics and parameters of the test are
given in table 1. The lower tolerance band limit is calculated as 77 = * — ks = —1.11 N, when the truncation
is not considered. In order to consider the truncation of the distribution correctly the approach derived above
may be used. The given pc is transformed according to equation 1:

1 0.02337
e = |2 — 0.975 + = 0.97560
1 — 0.02337 1 —0.02337

To consider the truncation a transformed k value (for one-sided limits) is calculated as %(p/\c, a,n) = 2.396. This

results in a transformed upper tolerance band limit 77y = 7.11N < U. Thus, the acceptance criterion is still
met.

Simulation

A simulation study has been carried out with random numbers drawn from normal distribution N(2,2.25). A
sample size of n = 50,000 observations has been used. Truncation threshold has been chosen as & = 0. A
tolerance interval with a confidence level of 1 — o = 95% and probability content of pc = 97.5%. It is then
checked how many observations are contained in the interval [0, T77(1 — «, pc, 2, 2.25)]. The simulation has been
repeated 1, 000 times with varying seed for the random number generator. An overview of simulation results can
be found in table 2. It can be seen that the mean covered proportion is slightly above the desired probability
content. This is due to the fact that the upper tolerance band limit is determined as an upper confidence limit
of the pc-quantile in order to contain at least the desired proportion. A further feature of the tolerance interval
simulation is that the desired probability content should be covered with a confidence of 95%. In the simulation
this is confirmed as the 5% quantile of the simulated 97.5% quantiles has a relative error of 8 - 10~7 compared
to the desired value of 97.5%. Thus, the simulation shows the correctness of the presented approach.

Table 2: Overview of proportion covered in simulation. Requirement: At least 97.5% shall be covered at a confidence level of 95%

Sample Size Repetitions Min Mean Max 5% Quantile
50,000 1,000 0.9741 0.9760 0.9787 0.9750008

Conclusions

A transformation of the required probability content in case of truncated distribution was derived.

( B 1 c F(€l7p>
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This transformation enables precise calculation of tolerance intervals in case of truncation. In particular it solves
the issue of tolerance limits lying outside of truncation limits.

in case of left truncation

in case of right truncation
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